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1. Introduction 

This paper is devoted to the study of norm groups of the fields pointed out 
in the title, i.e. of fields whose finite extensions are primarily quasilocal (briefiy, 
PQL). It concentrates on the special case where the considered ground fields are 
strictly quasilocal, i.e. their finite extensions are strictly PQL (or equivalently, 
these extensions admit one-dimensional local class field theory, see [7]). The paper 
shows (see Theorem 1.1) that if E is a quasilocal field, R/E is a finite separable 
extension, and Rab is the maximal abelian subextension of E in R , then the norm 
groups N(R/E) and N(Rab/E) are equal, provided that the natural Brauer group 
homomorphism Br (E) Br (L) is surjective, for every finite extension L of E . This 
is established in a more general form used in [10] (see also (5.2) (i)) for describing the 
norm groups of finite separable extensions of strictly quasilocal fields with Henselian 
discrete valuations. Relying on [10], we prove here that Theorem 1.1 and the main 
results of [9], stated as (1.1) (ii), determine to a considerable extent the scope of 
validity of the classical norm limitation theorem (cf. [11, Ch. 6, Theorem 8]), in 
the case of strictly PQL ground fields. The present research also sheds light on the 
possibility of reducing the study of norm groups of quasilocal fields to the special 
case of finite abelian extensions. 

The basic field-theoretic notions needed for describing the main results of this paper 
are the same as those in [9]. As usual, E* denotes the multiplicative group of a field 
E . We say that E is formally real, if —1 is not presentable as a finite sum of squares 
of elements of E ; the field E is called no ureal, otherwise. For convenience of the 
reader, we recall that E is said to be a PQL-field, if every cyclic extension F of E 
is embeddable as an E -subalgebra in each central division E -algebra D of Schur 
index ind (D) divisible by the degree [F: E] . When this occurs, we say that E is 
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strictly PQL, if the p -component Br (E)p of the Brauer group Br (E) is nontrivial in 
case p runs through the set P(E) of those prime numbers, for which E is properly 
included in its maximal p -extension E(p) in a separable closure Egep of E . It is 
worth noting that PQL-fields and quasilocal fields appear naturally in the process 
of characterizing some of the basic types of stable fields with Henselian valuations 
(see [8] and the references there). Our research, however, is primarily motivated by 
the fact that strictly PQL-fields admit local class field theory, and by the validity of 
the converse in all presently known cases (see [7, Theorem 1 and Sect. 2]). As to the 
choice of our main topic, it is determined to a considerable extent by the following 
results: 

(1.1) (i) N(R/E) = N(Rab/E) , provided that R is a finite separable extension of a 
field E possessing a Henselian discrete valuation with a quasifinite residue field E 

[18] (see also [24] and [29]]); 

(ii) N(R/E) = N(Rab/E) in case E is a PQL-field and R is an intermediate field of 
a finite Galois extension M/E with a nilpotent Galois group; for each nonnilpotent 
finite group G , there exists an algebraic extension E(G) of Q , which is strictly 
PQL and has a Galois extension M(G) , such that G(M(G)/E(G)) is isomorphic to 
G and N(M(G)/E(G)) is a proper subgroup of N(M(G)ab/E(G)) [9, Theorems 1.1 
and 1.2]; 

(iii) If E is an algebraic strictly PQL-extension of a global field Eg , and R/E 
is a finite extension, then N(R/E) = N($(R)/E) , for some abelian finite extension 
$(R) of E, which is imiquely determined by R/E, up-to an E -isomorphism (see 
the references after the statement of [9, Theorem 1.2]). 

The main purpose of this paper is to shed an additional light on these facts by 
proving the following two statements (the former of which generalizes (1.1) (i), see 
also Remark 4.4, for more details): 

Theorem 1.1. Let E &e a quasilocal field and R/E a finite separable extension. 
Then N(R/E) — N(Rab/E) in the following two special cases: 

(i) The natural homomorphism of Br (E) into Br (L) is surjective, for every finite 
extension L of Fi ; 

(ii) There exists an abelian finite extension $(R) of E, such that 
N($(R)/E) = N(R/E) . 

Theorem 1.2. There exists a strictly quasilocal nonreal field E satisfying the 
following conditions: 

(i) the absolute Galois group Gk G(Ksep/K) is not pronilpotent; 

(ii) every finite extension K of K is subject to the following alternative: 



(a) R is an intermediate field of a finite Galois extension M(R)/K with a nilpotent 
Galois group; 

( P ) N(R/K) does not equal the norm group of any abelian finite extension of K . 

In addition to (1.1) and Theorems 1.1 and 1.2, it has been proved in [6] that the 
description of the norm groups of finite separable extensions of a strictly PQL-field 
F does not reduce to the study of Galois extensions M/F with G(M/F) belonging 
to any given proper class of finite groups, which is closed under the formation of 
subgroups, quotient groups and group extensions. Also, it has been shown in [5] that 
a formally real strictly quasilocal field E has the properties required by Theorem 
1.2 (i) and (ii) unless it is real closed. 

Throughout the paper, simple algebras are supposed to be associative with a unit 
and finite-dimensional over their centres, and Galois groups are viewed as profinite 
with respect to the Krull topology. For each simple algebra A , we consider only 
subalgebras of A containing its unit. Our basic terminology and notation concerning 
valuation theory, simple algebras and Brauer groups are standard (for example, as in 
[12; 15; 36] and [20], as well as those related to profinite groups, Galois cohomology, 
field extensions and Galois theory (see, for example, [25; 13] and [15]). We refer the 
reader to [28, Sect. 1] and [4, Sect. 2], for the definitions of a symbol algebra and of 
a symbol p -algebra (see also [26, Ch. XIV, Sects. 2 and 5]). 

Here is an overview of the paper: Section 2 includes preliminaries used in the sequel. 
Theorems 1.1 and 1.2 are proved in Sections 3-4 and 5, respectively. Section 5 contains 
a characterization of the fields singled out by Theorem 1.2 among those endowed with 
a Henselian discrete valuation and possessing the strictly PQL-property. 

2. Preliminaries 

Let E be a field, Nr (E) the set of norm groups of finite extensions of E in Egep , and 
Q(E) the set of finite abelian extensions of E in Egep • We say that E admits (one- 
dimensional) local class field theory, if the mapping tt of n(E) into Nr (E) defined 
by the rule 7r(F) = N(F/E): F G Q(E) , is injective and satisfies the following two 
conditions, for each pair (Mi,M2) G ^(E) x ^(E): 

The norm group of the compositum M1M2 is equal to the intersection N(Mi/E) fl 
N(M2/E) and N((MinM2)/E) equals the inner group product N(Mi/E)N(M2/E) . 
We call E a field with (one-dimensional) local p -class field theory, for some prime 
p , if the restriction of tt on the set of finite abelian extensions of E in E(p) has 
the same properties. Our approach to the study of fields with such a theory is based 
on the following two lemmas (proved in [9]). 



Lemma 2.1. Let E 6e a field and L an extension of E presentable as a 
compositum of extensions Li and L2 of E of relatively prime degrees. Then 
N(L/E) = N(Li/E) n N(L2/E) , N(Li/E) = E* n N(L/L2) , and there is a group iso- 
morphism EVN(L/E) ^ (E7N(Li/E)) x (E7N(L2/E)) . 

Lemma 2.2. Let E &e a field, M a finite Galois extension of E with a nilpotent 
Galois group G(M/E) , R an intermediate field of M/E not equal to E , 11 the set 
of prime numbers dividing [R: E] , Mp the maximal p -extension of in M , and 
Rp = R n Mp , for each p e 11 . Then: 

(i) R is equal to the compositum of the fields Rp: p eH , and [R: E] — Ylp^ul^p- / 

(ii) N(R/E) = npenN(Rp/E) and the quotient group E*/N(R/E) is isomorphic to 
the direct product of the groups E*/N(Rp/E): p G IT . 

It is clear from Lemma 2.2 that a field E admits local class field theory if and only 
if it admits local p -class field theory, for every p e P(E) . Our next lemma, proved 
in [8, Sect. 4], shows that Br (E)p / {0} whenever E is a field with such a theory, 
for a given p e P(E) . 

Lemma 2.3. Let E be a field, such that Br (E)p = {0} , for some prime number 
p. Then Br (Ei)p = {0} and N(Ei/E) = E* , for every finite extension Ei of E in 
E{p). 

The following lemma is known (cf. [25, Ch. II, 2.3 and 3.1]) and plays an essential 
role in the proof of Theorem 1.1. 

Lemma 2.4. For a field E and a prime number p , the following conditions are 
equivalent: 

(i) Br (E')p = {0} , for every algebraic extension E' of E ; 

(ii) The exponent of the group E7N(E2/Ei) is not divisible by p , for any pair 
(Ei,E2) of finite extensions of E in Egep , such that Ei C E2 . 

For a detailed proof of Lemma 2.4, we refer the reader to [5]. Let now $ be a 
field and $p the extension of $ in $sep generated by a primitive p -th root of 
unity £p , for some prime p . It is well-known (cf. [15, Ch. VIII, Sect. 3]) that then 
$p/$ is a cyclic extension of degree [$p:$] := m dividing p—l. Denote by ip 
some $ -automorphism of $p of order m , fix an integer s so that </?(ep) = , and 
put Vi = {ai e $;: ^iai)ar'' e and V, = Yi/%P: i = 0, . . . , m - 1 . Clearly, 

the quotient group $p/$p^ := $p can be viewed as a vector space over the field 
Fp with p elements. Considering the linear operator (f of $p , defined by the 
rule (p(a^*P) — </7(q;)$*^: a G $* , and taking into account that the subspace of 
$p , spanned by its elements <^*(a): i = 0, ...,m — 1, is finite-dimensional and 



-invariant, for each a G $p , one obtains from Maschke's theorem the following 
statement: 

(2.1) The sum of the subspaces V^: i = 0, . . . , m — 1 is direct and equal to $p . 

Let L be an extension of $p in $sep , obtained by adjoining a p -th root r]p of an 
element (3 £ ($* \ $*^) . It is clear from Kummer's theory that [L: $] — pm and the 
following assertions hold true: 

(2.2) L/$ is a Galois extension if and only if /3 G Yj , for some index j . Such 
being the case, every $p -automorphism -0 of L of order p satisfies the equal- 
ity ip'tjjip'~^ = tjj^ , where s' = s^~^ and ip' is an arbitrary automorphism of L 
extending (f . Moreover, L and $ are related as follows: 

(i) L/$ is cychc if and only if /5 e Vi (Albert [1, Ch. IX, Theorem 6]); 

(ii) L is a root field over $ of the binomial — a , for some a e $* , if and only 
if /5 e Vo , i.e. s' — s; when this occurs, one can take as a the norm N^*' (/5) . 

Statements (2.1), (2.2) and the following observations will be used for proving 
Theorems 1.1 and 1.2. 

(2.3) For a symbol $p -algebra As^{a,f3; $p) (of dimension ), where o; G and 
/3 G Vj \ , the following conditions are equivalent: 

(i) (ct, /3; $p) is $p -isomorphic to D 0$ $p , for some central simple $ -algebra 
D; 

(ii) If a = OilLo^ cti , for each index i , then Agp(a, P; $p) is isomorphic 
to the symbol $p -algebra Agp(Q;j/, /5; $p) , where j' is determined so that m divides 

(iii) With notations being as in (ii), aj G N(L/$p): i ^ j' . 

The main results of [7, Sect. 2] and [8] used in the present paper (sometimes without 
an explicit reference) can be stated as follows: 

Proposition 2.5. Let E 6e a strictly p -quasilocal field, for some p G P(E) . Assume 

also that R is a finite extension of E in E(p) , and D is a central division E -algebra 
of p -primary dimension. Then R , E and D have the following properties: 

(i) R is a p -quasilocal field and ind(D) = exp(D) ; 

(ii) Br (R)p is a divisible group unless p = 2 , R = E and E is formally real; in the 
noted exceptional case, Br (E)2 is of order 2 and E(2) = E(v'— 1) ; 

(iii) E admits local p -class field theory, provided that Br{E)p / {0} ; 

(iv) R embeds in D as an E -subalgebra if and only if [R: E] divides ind (D) . 



3. p -primary analogue to Theorem 1.1 

Let E be a field, R/E a finite separable extension, and for each prime p , let Rab,p 
be the maximal abelian p -extension of E in R , pp the greatest integer dividing 
[R:E] and not divisible by p , and Np(R/E) the set of those elements G E* , 
for which the co-set WpN(R/E) is a p -element of the group E*/N(R/E) . Clearly, 
G Np(R/E) , for every w G E* . Observing also that u^p G N(Rab,p/E) whenever 
u G N(Rab/E) and p is prime, one concludes that Theorem 1.1 (i) can be deduced 
from its p -primary analogue stated as follows: 

Theorem 3.1. Assume that E is a quasilocal field, such that the natural homomor- 
phism of Br (E) into Br (L) maps Br (E)p surjectively on Br (L)p , for some prime 
number p and every finite extension L o/ E . Then N(R/E) = N(Rab,p/E)n 
Np(R/E) , for each finite extension K of E in Egep • 

In what follows, up-to the end of the next Section, our main objective is to prove 
Theorems 3.1 and 1.1. Evidently, N(R/E) C (Np(R/E) nN(Rab/E)) , so we have 
to prove that Np(R/E) nN(Rab/E) is a subgroup of N(R/E) . Our assumptions 
show that if Br (E)p = {0} , then Br (L)p = {0} , for every finite extension L of E , 
which reduces our assertion to a consequence of Lemma 2.4. Assuming further that 
Br (E)p 7^ {0} and Fp is a field with p elements (identifying it with the prime 
subfield of E , in the case of char (E) = p), we prove in the rest of this Section the 
validity of Theorem 3.1 in the special case where R/E is a normal extensions with a 
solvable Galois group. The main part of our argument is presented by the following 
two lemmas. 

Lemma 3.2. Let E be a field and p a prime number satisfying the conditions 
of Theorem 3.1, and let M/E be a Galois extension with G(M/E) satisfying the 
following conditions: 

(i) G(M/E) is nonabelian and isomorphic to a semidirect product Ep;^ x Ctt of an 
elementary abelian p -group of order p^ by a group Ctt of prime order tt not equal 
to p , where k is the minimal positive integer solution to the congruence p^ = 1 
(modTr) ; 

(ii) Ep.fc is a minimal normal subgroup of G(M/E) . 

Then N(M/Ei) includes E* , where Ei is the intermediate field of M/E corre- 
sponding by Galois theory to Ep.fc . 

Proof. Our assumptions indicate that Ei/E is a cyclic extension of degree tt , and 
under the additional hypothesis that Br (E)p / {0} , this means that Br (Ei)p / {0} 
(see [20, Sect. 13.4]). Therefore, by Proposition 2.5 (iii), Ei admits local p- 
class field theory, so it is sufficient to show that E* C N(Mi/Ei) , for every cyclic 
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extension Mi of Ei in M . Suppose first that E contains a primitive p -th root 
of unity or char (E) = p , and fix an E -automorphism ip of Ei of order tt . As 
G(M/Ei) is an elementary abeUan p -group of rank k , Kummer ' s theory and the 
Artin-Schreier theorem (cf. [15, Ch. VIII, Sect. 6]) imply the existence of a subset 
S = {pj-. j = I, . . . ,k} of El , such that the root field over Ei of the polynomial 
set {fj{X) = — mX — Pj'. j = I, . . . ,k} equals M , where u = 1 , if char (E) = p , 
and M = , otherwise. For each index j , denote by zj the element %lj{uj)u~'^ 
in case E contains a primitive p-th root of unity, and put Zj = ip{uj) — Uj , if 
char (E) = p . Note that M is a root field over Ei of the set of polynomials 
{gj(X) = X^ — uX. — Zj-. j = 1, . . . , A;} . This can be deduced from the following two 
statements: 

(3.1) (i) If char(E)=p, r(Ei) = {A^' - A: A e EJ and M(Ei) is the additive 
subgroup of E generated by the union SUr(Ei),then r(Ei) and M(Ei) are 'ip - 
invariant, regarded as vector spaces over ¥p ; moreover, the linear operator of the 
quotient space M(Ei)/r(Ei) , induced by ip — id^^ is an isomorphism; 

(ii) If E contains a primitive p-th root of unity, M(Ei) is the multiplicative sub- 
group of E^ generated by the union S U E^^ , and the mapping -01 : E^/E^^ E^/E^^ 
is defined by the rule ?/^i(q;E^^) = ?/j(a)a~^E^^: o; G E* , then ipi is a linear operator 
of El/El^ (regarded as a vector space over Fp), M(Ei)/E^^ is a A; -dimensional 
^1 -invariant subspace of El/El^ , and the linear operator of M(Ei)/E^^ induced 
by ipi is an isomorphism. 

Most of the assertions of (3.1) are well-known. One should, possibly, only note here 
that the concluding parts of (3.1) (i) and (3.1) (ii) follow from the fact that G(M/Ei) 
is the unique normal proper subgroup of G(M/E) , and by Galois theory, this means 
that El is the unique normal proper extension of E in M . The obtained result 
implies the nonexistence of a cyclic extension of E in M of degree p , which enables 
one to deduce from Kummer's theory and the Artin-Schreier theorem the triviality 
of the kernels of the considered linear operators. Thus our argument leads to the 
conclusion that the discussed special case of Lemma 3.2 will be proved, if we establish 
the validity of the following two statements, for each index j : 

(3.2) (i) If E contains a primitive p-th root of unity e and c is an element of E* , 
then the symbol Ei -algebra Ag(zj,c;Ei) is trivial; 

(ii) If char (E) = p and c G E* , then the p -symbol E -algebra E[zj,c) is trivial. 

Denote by the symbol p -algebra Ei[pj, c) , if char (E) = p , and the symbol Ei - 
algebra As(pj, c; Ei) in case Ei contains a primitive p-th root of unity e . It follows 
from the assumptions of Theorem 3.1 that is isomorphic over Ei to Aj (8)e Ei , 
for some central division E -algebra . This implies that 'ip is extendable to an 
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automorphism i/j of , regarded as an algebra over E . Thus it becomes clear that 
Dj is El -isomorphic to Ei [?/j(pj), c) or A£('0(pj), c; Ei) depending on whether or 
not char (E) = p . Applying now the general properties of local symbols (cf. [26, Ch. 
XIV, Propositions 4 and 11]), one proves (3.2). 

It remains for us to prove Lemma 3.2, assuming that p ^ char (E) and E does 
not contain a primitive p -th root of unity. Let e be such a root in Mgep . It 
is easily verified that if E(e) n Ei = E , then M(e)/E(e) is a Galois extension, 
such that G((M(£:)/E(£)) is canonically isomorphic to G(M/E) . Since E(£) and 
p satisfy the conditions of the lemma, our considerations prove in this case that 
E(£)* C N(M(e)/Ei(£)) . Hence, by Lemma 2.1, applied to the triple (Ei,M,Ei(e)) 
instead of (E, Li, L2) , we have E* C N(M/Ei) , which reduces the proof of Lemma 
3.2 to the special case in which Ei is an intermediate field of E(£) /E . Fix a generator 
if of G(E(e)/E) , and an integer s so that ^p{e) = . Observing that M/E is a 
noncyclic Galois extension of degree p7r , one obtains from (2.2) and the cyclicity 
of M over Ei that M(£) is generated over E(£) by a p-th root of an element p 
of E(£) with the property that <^(p)p~* E E(£)*p, where s' is a positive integer 
such that s''^ = (mod p ) and s' ^ s (mod p ). It is therefore clear from (2.3), the 
surjectivity of the natural homomorphism of Br (E)p into Br {Ei{e))p , and [20, Sect. 
15.1, Proposition b] that A£(p, c;E(£)) is isomorphic to the matrix E(£) -algebra 
Mp(E(£)) , for every c G E* . One also sees that E* C N(M(£)/E(£)) . As [M: Ei] = p 
and [E(£):Ei] divides {p - l)/7r , Lemma 2.1 ensures now that E* C N(M/Ei) , so 
Lemma 3.2 is proved. 

Lemma 3.3. Assume that E is a quasilocal field whose finite extensions satisfy 
the conditions of Theorem 3.1, for a given prime number p, and suppose that 
M/E is a finite Galois extension, such that G(M/E) is a solvable group. Then 
Np(M/E) n N(Mab,p/E) is a subgroup of N(M/E) . 

Proof. It is clearly sufficient to prove the lemma under the hypothesis that N(M'/E') 
includes Np(M7E') n N(M^^^ p/E') , provided that E' and p satisfy the condi- 
tions of Theorem 3.1, and M'/E' is a Galois extension with a solvable Galois 
group of order less than [M: E] . As in the proof of [9, Theorem 1.1], we first 
show that then one may assume further that G(M/E) is a Miller-Moreno group 
(i.e. nonabelian with abelian proper subgroups). Our argument relies on the fact 
that the class of fields satisfying the conditions of Theorem 3.1 is closed under 
the formation of finite extensions. Note that if G(M/E) is not Miller- Moreno, 
then it possesses a nonabelian subgroup H whose commutator subgroup [H, H] 
is normal in G(M/E) . Indeed, one can take as H the commutator subgroup 
[G(M/E),G(M/E)] in case G(M/E) is not metabehan, and suppose that H is 



any nonabelian maximal subgroup of G(M/E) , otherwise. Denote by F and L 
the intermediate fields of M/E corresponding to H and [H, H] , respectively. Our 
choice of H and Galois theory indicate that L/E is a Galois extension such that 

Mab ^ L and E 7^ L 7^ M , so our additional hypothesis and Lemma 2.2 lead to 
the conclusion that Np(L/E) n N(Mab,p/E) = Np(L/E) n N(Mab/E) C N(L/E) and 
Np(M/F) nN(L/F) C N(M/F) .Let now /i be an element of Np(M/E) n N(Mab,p/E) , 
and A G L* a solution to the norm equation Ng(X) = /x . Then one can find an in- 
teger k not divisible by p and such that Np(A)'^ G Np(M/F) . It is therefore clear 
that N^(A)'= G N(M/F) and fi'' G N(M/E) . As /x G Np(M/E) , this implies that 
H G N(M/E) , which yields the desired reduction. In view of the former part of (1.1) 
(ii), one may also assume that G(M/E) is a nonnilpotent Miller- Moreno group. The 
assertion of Lemma 3.3 is obvious, if p does not divide the order o([G, G]) of [G, G] , 
so we suppose further that p \ o([G, G]) . By the classification of these groups [17] 
(cf. also [22, Theorem 445]), this means that G(M/E) has the following structure: 

(3.3) (i) G(M/E) is isomorphic to a semi-direct product E^.^ x Cj^n of Ep.^ by a 
cyclic group C^-n of order tt" , for some different prime numbers p and tt , where 
k satisfies condition (i) of Lemma 3.2; 

(u) Ep.k is a minimal normal subgroup of G(M/E) , Ep-k = [G(M/E), G(M/E)] 
and the centre of G(M/E) equals the subgroup Ct^u-i of C-j^n of order tt"'"^ . 

It follows from (3.2) and Galois theory that Mq^/E is cyclic of degree tt" . This 
yields N|^^^(r7) = 7]^'' , for every 77 G Mab , and thereby, implies that d''' G N(M/E) 
in case c G N(Mab/E) . It is therefore clear from the equality g.c.d. (p*^, tt") = 1 that 
Lemma 3.3 will be proved, if we show that c'^" G N(M/E) whenever c G E* . By 
Lemma 3.2, if n — 1 , then M* contains an element ^ of norm c over Ei — M^i , 
which means that Ng (^) = . Suppose now that n > 2 , put tt = tt""-^ , denote by 
Cff the subgroup of G(M/E) of order tt , and let M' and E' be the intermediate 
fields of M/E corresponding by Galois theory to the subgroups Cff and Ep;fcCff 
of G(M/E) , respectively. It is easily seen that M'/E is a Galois extension with 
G(M'/E) satisfying the conditions of Lemma 3.2, and E'/E is a cyclic extension of 
degree tt . This ensures that c"" G N(M7E) . Also, it becomes clear that M = M'Mab , 
M' n Mab = E' and Nj^,(m') = m'^ , for every m' G M' . These observations show 
that c'^" G N(M/E) , so Lemma 3.3 is proved. 

4. Proof of Theorems 3.1 and 1.1 

Retaining notation as in Section 3, we first consider the special case in which R is 
an intermediate field of a finite Galois extension with a solvable Galois group. Our 
argument relies on Lemma 3.3 and the following lemma. 

n 



Lemma 4.1. Under the hypotheses of Theorem 3.1, suppose that M/E is a Galois 
extension with a solvable Galois group G(M/E) , and R is an intermediate field of 
M/E, such that [R:E] is a power of p . Then N(R/E) = N(Rab/E) . 

Proof. Arguing by induction on [M: E] , one obtains from the conditions of The- 
orem 3.1 that it is sufficient to prove the lemma, assuming in addition that 
N(Ri/Ei) = N(R'/Ei) whenever Ei and Ri are intermediate fields of M/E, such 
that El 7^ E , El C Ri , [Ri: Ei] is a power of p , and R' is the maximal abelian 
extension of Ei in Ri . Suppose first that Rab / E . Then the inductive hypothesis, 
applied to the the pair (Ei, Ri) = (Rab, R) , gives N(R/E) = N(R7E) , and since R' 
is a subfield of the maximal p -extension Mp of E in M , this enables one to obtain 
from the former part of (1.1) (ii) that N(R7E) = N(Rab/E) . 

It remains to be seen that N(R/E) = E* in the special case of Rab = E . Our 
argument relies on the fact that E*/N(Mab/E) is a group of exponent dividing 
[Mab: E] . Therefore, if Mp — E , then this exponent is not divisible by p . In view 
of the inclusion N(M/E) C N(R/E) , E*/N(R/E) is canonically isomorphic to a 
homomorphic image of E*/N(M/E) , so the condition Mp — E ensures that the 
exponent e(R/E) of E*/N(R/E) is also relatively prime to p. As e(R/E) divides 
[R: E] , this proves that N(R/E) = E* . 

Assume now that Rab — E and Mp / E , denote by Fi the maximal abelian ex- 
tension of E in Mp , and by F2 the intermediate field of M/E corresponding by 
Galois theory to some Sylow p -subgroup of G(M/E) . Put Ri = RFi , R2 = RF2 
and F3 = F1F2 . It follows from Galois theory and the equality Rab = E that the 

compositum RMp is a Galois extension of R with G((RMp)/R) canonically iso- 
morphic to G(Mp/E) ; in addition, it becomes clear that Ri is the maximal abelian 
extension of R in RMp . Thus it turns out that [Ri: R] = [Fi: E] , which means that 
[Ri:E] = [R:E].[Fi:E] . Observing that [F2: E] is not divisible by p, one also sees 
that [R2:F2] = [R:E] , [(R1F2): F2] = [Ri: E] and [(RFg): F2] = [R2: F2] .[F3: F2] . 
The concluding equality and the normality of F3 over F2 imply that R2 H F3 = F2 . 
In view of Proposition 2.5 (iii) and Lemma 2.4, this leads to the conclusion that 
N(R2/E)N(F3/E) = N(F2/E) . Note also that N(Fi/E) = N(Ri/E) . Indeed, it fol- 
lows from Galois theory and the definition of Mp that Mp does not admit proper p - 
extensions in M , and by the inductive hypothesis, this yields N((RMp)/Mp) = M* . 
Hence, by the former part of (1.1) (ii) and the transitivity of norm mappings, we 
have N((RMp)/E) = N(Mp/E) = N(Fi/E) . At the same time, since Ri is the max- 
imal abelian extension of R in RMp , it turns out that N((RMp)/R) = N(Ri/R) , 
which implies that N((RMp)/E) = N(Ri/E) = N(Fi/E) , as claimed. The obtained 
results and the inclusions N(R2/E) C N(R/E) and N(F3/E) C N(Fi/E) , indicate 
that N(F2/E) is a subgroup of N(R/E)N(Fi/E) = 
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N(R/E)N(Ri/E) = N(R/E) . As EVN(R/E) and E7N(F2/E) are groups of finite 
relatively prime exponents, this means that that N(R/E)=E*, so the proof of 
Lemma 4.1 is complete. 

We are now in a position to prove Theorem 3.1 in the special case where R is an 
intermediate field of a finite Galois extension M/E with a solvable Galois group. It 
is clearly sufficient to establish our assertion under the additional hypothesis that 
Np(Ri/Ei) and N(Ri/Ei) are related in accordance with Theorem 3.1 whenever 
El and Ri are extensions of E in R and M , respectively, such that Ei / E 
and El C Ri . Suppose that R / E , put $ = Rab,p ? if R-ab,? 7^ E , and denote by 
$ some proper extension of E in R of primary degree, otherwise (the existence 
of $ in the latter case follows from Galois theory and the well-known fact that 
maximal subgroups of solvable finite groups are of primary indices). Also, let a 
be an element of Np(R/E) n N(Rab,p/E) , the maximal abelian p -extension of 
$ in R , M' the compositum $Mab,p , ^ the maximal integer dividing [M: E] 
and not divisible by p, and = {^z^: z G $*} . It is not difficult to see that 
n M' = $ . Applying Proposition 2.5 (iii) or Lemma 2.4, depending on whether or 
not Br ($)p ^ {0} , one obtains further that $* = N($7$)N(M7$) . Hence, by the 
inductive hypothesis and the inclusion Np(M/$) C Np(R/$) , is a subgroup of 
N(R/$).(N(M7$) n$*'') . Note also that Lemma 4.1 and the choice of $ ensure 
the existence of an element ^ G $ of norm a. over E . Taking now into account that 
N(M7E) C N(Mab,p/E) , one obtains that a^' G N(R/E)(Np(M/E) n N(Mab,p/E)) , 
and then deduces from Lemma 3.3 that a'^ G N(R/E) . In view of the choice of a 
and k , this means that a G N(R/E) , which proves Theorem 3.1 in the discussed 
special case. In order to do the same in full generality, we need the following lemma. 

Lemma 4.2. Let E and p satisfy the conditions of Theorem 3.1, and let R he an 
intermediate field of a finite Galois extension M/E, such that G(M/E) = [G(M/E), 
G(M/E)] . Then Np(R/E) C N(R/E) . 

Proof. It is clearly sufficient to consider only the special case of R = M 7^ E (and 
Br (E)p 7^ {0} ). Denote by Ep be the intermediate field of M/E corresponding by 
Galois theory to some Sylow p -subgroup of G(M/E) . Then p does not divide the de- 
gree [Ep: E] := nip , so the condition Br (E)p 7^ {0} guarantees that Br (Ep)p / {0} . 
We first show that E* C N(M/Ep) , assuming additionally that char (E) = p or E 
contains a primitive root of unity of degree [M: Ep] . As E is a quasilocal field, the 
nontriviality of Br (Ep)p ensures that Ep admits local p -class field theory. Hence, 
by the former part of (1.1) (ii), it is sufficient to prove the inclusion E* C N(L/Ep) , 
for an arbitrary cyclic extension L of Ep in M . By [20, Sect. 15.1, Proposition 
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b], this is equivalent to the assertion that the cydic Ep -algebra (L/Ep,(T, c) is iso- 
morphic to the matrix Ep -algebra M„(Ep) , where c G E* , n— [L:Ep] and a is 
an Ep -automorphism of L of order n . Since g.c.d. ([Ep: E],p) = 1 , the surjectivity 
of the natural homomorphism of Br (E)p into Br (Ep)p implies that the corestric- 
tion homomorphism cor Ep/E- Br(Ep) Br (E) induces an isomorphism of Br (Ep)p 
on Br (E)p (cf. [27, Theorem 2.5]). Observe now that corE^/E maps the similar- 
ity class [(L/Ep, (7, c)] into [(L/E, a, c)] , for some cyclic p -extension L of E in 
M (and a suitably chosen generator a of G(L/E) ). Since E contains a primi- 
tive root of unity of degree [M: Ep] or char (E) = p , this can be obtained by ap- 
plying the projection formula (cf. [16, Proposition 3 (i)] and [27, Theorem 3.2]), 
as well as Kummer ' s theory and its analogue, due to Witt, for finite abelian p- 
extensions over a field of characteristic p, (see, for example, [13, Ch. 7, Sect. 3]). 
As G(M/E) = [G(M/E),G(M/E)] , or equivalently, Mab = E , the obtained result 
shows that L = Ep and [(L/E,a',c)] =0 in Br (E) . Furthermore, it becomes clear 
that [(L/Ep, cr, c)] = in Br (Ep) , i.e. c e N(L/Ep) , which proves the inclusion 
E* C N(M/Ep) . Since ^^"(0) = c^^ , one also sees that c^^ G N(M/E) , for each 
c E E* . 

Suppose now that p / char (E) , fix a primitive root of unity e E Mgep of de- 
gree [M:Ep], and put ^(e) — ^' , for every intermediate field $ of M/E , and 
jjmp _ j/^mp. g H} , for each subgroup H of M'* . As E'/E is an abehan ex- 
tension, our assumption on G(M/E) ensures that E' n M = E , and by Galois 
theory, this means that M'/E' is a Galois extension with G(M'/E') canon- 
ically isomorphic to G(M/E) . Thus it becomes clear from the previous con- 
siderations that E'*"^f C N(M7E') and N(E7E)"^p C N(M7E) C N(M/E) . Our 
argument also shows that M n E^ = Ep , and since Ep is p -quasilocal, it en- 
ables one to deduce from Proposition 2.5 (iii), the former part of (1.1) (ii), and 
Lemma 2.2 that N(M/Ep)N(E^/Ep) = E* . Hence, by the transitivity of norm 
mappings, N(M/E)N(Ep/E) = N(Ep/E) . These observations prove the inclusions 
E*"^P C N(Ep/E)"^^' C N(M/E)"^p.N(E7E)'^p C N(M/E) . This, combined with the 
fact that p does not divide rup and the exponent of E*/N(M/E) divides [M:E] , 
indicates that E*"^** C N(M/E) and so completes the proof of Lemma 4.2. 

It is now easy to accomplish the proof of Theorem 3.1. Assume that Mq is the 
maximal Galois extension of E in M with a solvable Galois group, and also, 
that fip , nip and pp are the maximal integers not divisible by p and dividing 
[Mo:E], [M:E] and [R:E], respectively. Applying Lemma 3.3 to Mq/E and 
Lemma 4.2 to M/Mq , one obtains that C N(Mo/E) and M*'^'' C N(M/Mo) , 

where fhp — rUp/ fXp . Hence, by the norm identity Ng = Ng ° o N^^ , we have 
E*mp ^ N(Mo/E)^f C N(M/E) . Since E*^^^! C N(R/E) , N(M/E) C N(R/E) and 
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g.c.d. (mp, [R: E]) = pp , this means that E*''p C N(R/E) , so Theorem 3.1 is proved. 

Remark 4.3. Lemma 4.2 remains vahd (with a shghtly modified proof), if the 
condition on G(M/E) is replaced by the one that p does not divide the index 
|G(M/E): [G(M/E), G(M/E)]| . Note also that Lemma 3.3 can be deduced from (3.3) 
and this generalization of Lemma 4.2, which allows us to skip Lemma 3.2 and shorten 
the proof of Theorem 3.1. When Ge is a prosolvable group, however, the inclusion of 
Lemma 3.2 enables us to deduce the theorem from Proposition 2.5 (iii), fundamentals 
of Galois theory, basic properties of cyclic algebras and well-known elementary facts 
concerning solvable finite groups. The prosolvability of Ge is guaranteed, if E 
possesses a Henselian discrete valuation (cf. [3, Corollary 2.5 and Proposition 3.1]). 

Proof of Theorem 1.1. Since Theorem 1.1 (i) is a special case of Theorem 3.1, 
it is sufficient to prove Theorem 1.1 (ii). Let E be a quasilocal field and R, 
$(R) be finite extensions of E in Eggp , such that N(R/E) = N($(R)/E) and 
$(R)/E is abelian. Applying Lemmas 2.2 and 2.3, one reduces the proof of The- 
orem 1.1 (ii) to the special case in which Br (E)p / {0} , when p ranges over the 
set n of prime numbers dividing [$(R):E] . Let A be the normal closure of R 
in Esep over E, and for each pell, let $(R)p be the maximal p -extension of 
E in $(R) , Hp be a Sylow p -subgroup of G(A/R) , Gp a Sylow p -subgroup 
of G(A/E) including Hp , Ri and Ei the intermediate fields of A/E corre- 
sponding by Galois theory to Hp and Gp , respectively. Note first that Rab.p is 
a subfield of $(R)p . Indeed, the nontriviality of Br (E)p and the PQL-property 
of E ensure the availability of a local p -class field theory on E , so our as- 
sertion follows from the fact that N($(R)/E) = N(R/E) C N(Rab,p/E) (whence, 
by Lemma 2.2, we have N($(R)p/E) C N(Rab,p/E) ). It is easily verified that p 
does not divide [Ri:R][Ei:E] and Rab,pEi = ($(R)pEi) n Ri . One also sees that 
Br (Ei)p 7^ {0} (cf. [20, Sect. 13.4]). As E is quasilocal, this indicates that Ei ad- 
mits local p -class field theory, so it follows from the former part of (1.1) (ii) that 
N((Rab,pEi)/Ei) = N(($(R)pEi)/Ei)N(Ri/Ei) . Our argument also proves that 
N((Rab,pEi)/E) = N(($(R)pEi)/E)N(Ri/E) C (N($(R)p/E)N(R/E) n N(Ei/E)) = 
N($(R)pEi)/E) . On the other hand, the inclusion Rab,p ^ ^(R)p implies that 
N(($(R)pEi)/E) C N((Rab,pEi)/E) , so it turns out that N($(R)pEi)/E) = 
N((Rab,pEi)/E) and the quotient group N(Rab,p/E)/N($(R)p/E) is of exponent 
Cp dividing [Ei:E]. Since Cp divides [$(R):E] and p does not divide [Ei:E], 
this means that Cp = 1 , i.e. N($(R)p/E) = N(Rab,p/E) (and ^>(R)p = Rab,p ), for 
each p e H . Let now p' be an arbitrary prime number. It is clear from the in- 
clusion Rah,p' ^ R that N(R/E) = N($(R)/E) C N(Ra6,p//E) and E*/N(Rob,p//E) 
is a homomorphic image of E*/N($(R)/E) , so it follows from Lemma 2.2 that 
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E*/N(Ra{,,p' /E) is a group of exponent dividing [$(R): E] . It is now easy to see that 
N(Rab,p'/E) = E* whenever ^ H , and to conclude that N(R/E) = N(Rab/E) , as 
claimed by Theorem 1.1 (ii). 

Remark 4.4. (i) The conditions of Theorem (i) are in force, if E is a field 
with local class field theory in the sense of Neukirch-Perlis [19], i.e. if the triple 
(GE,{G(Esep/F),F e S},E*gp) is an Artin-Tate class formation (cf. [2, Ch. XIV]), 
where E is the set of finite extensions of E in Egep • Then the assertion of Theorem 
1.1 (i) is contained in [2, Ch. XIV, Theorem 7]; in particular, it applies to any p- 
adically closed field and includes (1.1) (i) as a special case (see [21, Theorem 3.1 and 
Lemma 2.9] and [26, Ch. XIII, Proposition 6], respectively). 

(ii) Let us note that the class of fields satisfying the conditions of Theorem 1.1 (i) is 
larger than the one studied in [19]. More precisely, for every divisible abelian torsion 
group T , there exists a quasilocal field E(T) of this type, such that Br (E(T)) is 
isomorphic to T and all finite groups are realizable as Galois groups over E(T) (this 
will be proved elsewhere), whereas the Brauer groups of the fields considered in [19] 
embed in Q/Z . These properties of E(T) indicate that it is strictly quasilocal if and 
only if the p -components of T are nontrivial, for all prime numbers p . 

(iii) It follows at once from (1.1) (iii) and Theorem 1.1 (ii) that N(R/E) = N(Rab/E) 
whenever E is quasilocal and algebraic over a global field Eq . In this case, Ge 
is prosolvable and E satisfies the conditions of Theorem 1.1 (i) as well (see [9, 
Proposition 2.7] and the references there). 

5. Proof of Theorem 1.2 

In this Section we characterize (and prove the existence of) Henselian discrete valued 
strictly quasilocal fields with the properties required by Theorem 1.2. In what follows, 
P is the set of prime numbers, and for each field E , Po(E) is the subset of those 
p e P , for which E contains a primitive p -th root of unity, or else, p — char (E) . 
Also, we denote by Pi(E) the subset of those G (P \ Po(E)) , for which E* / E*^' , 
and put P2(E) = P \ (Po(E) U Pi(E)) . Every finite extension L of a field K with a 
Henselian valuation v is considered with its valuation extending v , this prolongation 
is also denoted by v (unless stated otherwise), and e(L/K) denotes the ramification 
index of L/K . Our starting point is the following statement (proved in [6]): 

(5.1) With assumptions being as above, if v is discrete, then the following conditions 
are equivalent: 

(i) K is strictly quasilocal; 

(ii) The residue field K of {K,v) is perfect, the absolute Galois group 

is metabelian of cohomological p -dimension cdp(GK)==l, for each peP, and 
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Po(L) C P(L) , for every finite extension L of K . 

When these conditions are in force, K is a nonreal field (of. [14, Theorem 3.16]), 
Po(K) \ {char(K)} = Po(K) \ {char(K)} , and the foUowing is true: 

(5.2) (i) Br (L) = {0} and Br (L)p is isomorphic to the quasicyclic p -group Z(p°°) , 
for every finite extension L/K and each p G P(K) (apply [25, Ch. II, Proposition 6 
(b)] and Scharlau's generalization of Witt's theorem [23]); in particular, the natural 
homomorphism Br (K)p Br (L)p is surjective; 

(ii) If R is a finite extension of K in Kgep , such that [R: K] is not divisible by 
char (K) or any p G P2(K) , then R is presentable as a compositum of subextensions 
of K of primary degrees; furthermore, if [R: K] is not divisible by char (K) or any 
p G (Pi(K) U P2(K)) , then the normal closure of R in Kgep over K has a nilpotent 
Galois group (apply [10, (3.3)] and Galois theory); 

(iii) The group Gk is pronilpotent in case char (K) = and Po(K) — P • 

The following result (proved in [10]) sheds light on the norm groups of finite separable 
extensions of a field K subject to the restrictions of (5.1). It shows that the conclusion 
of (1.1) (i) is generally valid if and only if P(K) = P , i.e. K is quasifinite. 

Proposition 5.1. Assume that (K, v) is a Henselian discrete valued strictly quasilo- 
cal field, and K is a finite extension of K in Kgep • Then R/K possesses an inter- 
mediate field Ri such that: 

(i) The sets of prime divisors of eCRi /K) , [Ri:K], [R:Ri] and [R:Ri] are included 

in Pi(K) , P \ P(K) , P(K) and Po(K) U P2(K) , respectively; 

(n) N(R/K) = N((RabRi)/K) and KVN(R/K) is isomorphic to the direct sum 

G(Rab/K) X (K7N(Ri/K)) ; 

(iii) K*/N(R/K) is of order [Rab: K][Ri: K] = [(RabRi): K] . 

Our next result characterizes the fields singled out by Theorem 1.2 (i)-(ii) in the class 
of strictly quasilocal fields with Henselian discrete valuations: 

Proposition 5.2. For a strictly quasilocal field K with a Henselian discrete valua- 
tion V , the following conditions are equivalent: 

(i) Gk and the finite extensions of K have the properties required by Theorem 1.2; 
(n) char (K) = , Po(K) = P(K) ^ P and Pi(K) = P \ Po(K) . 
When this occurs, every finite extension K of K in Kgep is presentable as a 
compositum R = RqRi , where Ri is determined in accordance with Proposition 5. 1 
(i) and (ii), and Rq is an intermediate field of R/K of degree [Ro:K] = [R:Ri] . 
Moreover, the Galois group of the normal closure R o/ R m Kgep over K is 
nilpotent if and only if 'R — 'Rq . 
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Proof. The implication (ii) (i) follows from Proposition 5.1 and the fact that 
Ri is defectless over K [28, Propositions 2.2 and 3.1]. The concluding assertions 
of Proposition 5.2 are implied by (5.2) (ii), so we assume further that condition 
(i) is in force. Let tt be a generator of the maximal ideal of the valuation ring 
of (K,v) . It is easily deduced from Proposition 5.1 that if ]? G P2(K) or p = 
char (K) and p ^ Po(K) , then the root field, say , of the binomial — tt 
satisfies the equality N(M7r/K) = N(M7r,ab/K) • At the same time, it follows from 
(2.2) that G(M7r/K) is nonabelian and isomorphic to a semidirect product of 
a group of order p by a cyclic group of order dividing p — 1 . This indicates 
that G(M7r/K) is nonnilpotent. The obtained results contradict condition (i), 
and thereby, prove that Po(K) U Pi(K) = P . Hence, by Galois theory, (1.1) (i) 
and condition (i), K is an infinite field. It remains to be seen that char (K) =0 
and Po(K) 7^ P • Suppose that char (K) = q > and q G Po(K) • Then condition 
(i), statement (5.1) and the infinity of K imply the existence of a primitive p- 
th root of unity in K , for at least one prime number p ^ q . In addition, it 
becomes clear that there exists a cyclic inertial extension Lp of K in Kgep of 
degree p . Let Vp be the valuation of Lp extending . It is easily obtained from 
Galois theory (cf. [15, Ch. VIII, Theorem 20]) and the Henselian property of v 
that Lp has a normal basis Bp over K , such that Vp(b) — 0, for all & e Bp . 
Denote by B^ the polynomial set {X^ — X — &7r~^: b e Bp} , if char (K) = q , and 
put Bp — {X^ — (1 + b7r): b e Bp} , in the mixed-characteristic case. It follows from 
the Artin-Schreier theorem, Capelli's criterion (cf. [15, Ch. VIII, Sect. 9]) and 
the Henselian property of Vp that B^ consists of irreducible polynomials over 
Lp . Furthermore, one obtains from Kummer's theory (and the assumption that 
g e Po (K) ) that the root field L^ of B^ over Lp is a Galois extension of K of degree 
q^p . It follows from the definition of L^ that the Sylow g -subgroup G(Lp/Lp) of 
G(Lp/K) , is normal and elementary abelian. At the same time, it is clear from the 
choice of Bp that G(Lp/Lp) possesses maximal subgroups that are not normal in 
G(Lp/E) . These properties of G(Lp/Lp) indicate that G(Lp/E) is nonnilpotent. On 
the other hand, since q and p lie in P(K) , Theorem 3.1 and the latter assertion of 
(5.2) (i) show that N(L^/K) = N(L^^^^^/K) . Thus the hypothesis that char (K) ^ 
leads to a contradiction with condition (i), so the proof of Proposition 5.2 can be 
accomplished by applying (5.2) (iii). 

Corollary 5.3. Let (K^v) be a Henselian discrete valued field satisfying the condi- 
tions of Proposition 5.2, Sp a primitive p -th root of unity in Kgep , for each p £ P , 
and [K{ep):K] — jp in case p e (P \P(K)) . Then each finite extension L of K in 
Kgep is subject to the following alternative: 

(i) Gl and finite extensions of L have the properties required by Theorem 1.2; (ii) 
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Gl is pronilpotent. 

The latter occurs if and only if the set T(K) = {7^: p G (P \ P(K))} is bounded and 
L contains as a subfield the inertial extension of K in K of degree equal to the least 
common multiple of the elements of T(K) . 

Proof. Statement (5.1) and our assumptions guarantee that Po(L) U Pi(L) = P , so 
the stated alternative is contained in (5.2) (iii). 

Our next result supplements Proposition 5.1 and combined with Proposition 5.2, 
proves Theorem 1.2. 

Proposition 5.4. Let Pq , Fi , P2 and P be subsets of the set P of prime 
numbers, such that Pq U Pi U P2 = P , 2 G Po ; PiHFj = cj): < i < j <2 , and 
Po C P C (Pq U P2) . For each p G (Pi U P2) ; let 7^ be an integer > 2 dividing 
p — I and not divisible by any element of P \ P . Assume also that 7p > 3 in case 
p G (P2 \ P) • Then there exists a Henselian discrete valued field (K, ?;) satisfying the 
following conditions: 

(i) K is strictly quasilocal with P(K) = P and Pj(K) —Pj- j = 0, 1,2 ; 

(ii) For each p G (Pi U P2) , Jp equals the degree [K(ep): K] , where Sp is a primitive 
p-th root of unity in Kgep • 

Proof. Denote by Gi and Go the topological group products Opep 
npe(p\p) (i-^- Go = {1} in case P = P ), respectively, and fix an algebraic closure 
Q of the field of rational numbers as well as a primitive p -th root of unity G Q , 
for each p G P . Also, let Eo be a subfield of Q , such that Po(Eo) = Pq , P(Eo) = P , 
[Eo(ep):Eo] — ^p'- p G (P \ Pq) , and Geq — Gi (the existence of Eq is guaranteed 
by [6, Lemma 3.5]). Suppose further that </? is a topological generator of Geq 5 and 
for each p G (P \ P) , 5p is a primitive jp -th root of unity in Zp , Sp and tp are 
integers, such that <p{ep) — Sp^ , tp — 5p E p'Lp , and < Sp, < (p — 1) . Assume 
also that the roots bp are taken so that tp — Sp if and only if p G Pi . Regarding 
Zp as as subgroup of Go , whenever p G (P \ P) , consider the topological semidirect 
product G = Go X Geq , defined by the rule (pXp(p~^ — SpXp-. p G (P \ P) , Xp . 
It has been proved in [6, Sect. 3] that there exists a Henselian discrete valued strictly 
quasilocal field {K,v) , such that G^ is continuously isomorphic to G , Eo is a 
subfield of K , and Eo is algebraically closed in K . In particular, this implies that 
Po(K) = Po , P(K) = P and [K{sp): K] = 7^: p g (P \ Po) . Applying finally (2.2) 
(ii), one concludes that Pi(K) = Pi and so completes the proof of Proposition 5.4. 

Corollary 5.5. There exists a set {{Kn^Vn): nGNUoo} of Henselian discrete 
valued strictly quasilocal fields satisfying the following conditions: 
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(i) The absolute Galois group of a finite extension R„ of K„ is pronilpotent if and 
only if n and Rn contains as a subfield an inertial extension of of degree 
n; 

(ii) Finite extensions of K„ are subject to the alternative described in Theorem 1.2, 
provided that n >2 . 

Proof. This follows at once from Corollary 5.3 and Proposition 5.4. 

Corollary 5.6. Let Pq and P be subsets of the set P of prime numbers, such that 
2 G Pq and Pq ^ P • Then there exists a strictly quasilocal nonreal field E such that: 



(ii) // P / Pq , then Ge is nonnilpotent and finite extensions of E are subject to 
the alternative described by Theorem 1.2. 

Proof. Proposition 5.4 implies the existence of a Henselian discrete valued strictly 
quasilocal field (K, i;) , such that char (K) = , Po(K) = Pq , Pi(K) = P \ Pq , and 
for each p G Pi(K) , the extension of K in Ksep obtained by adjoining a primitive 
p-th root of unity is of even degree. By [3, Proposition 3.1], Gk is a prosolvable 
group, which means that it possesses a closed Hall pro- P -subgroup Hp . Note finally 
that one can take as E the intermediate field of Kgep/K corresponding by Galois 
theory to Hp . 



The proof of Theorem 1.1 was obtained during my visit to Tokai University, Hirat- 
suka, Japan (September 2002-March 2003). I gratefully acknowledge the stimulating 
atmosphere at the University as well as the ensured efficient fully supported medical 
care after my involvement into a travel accident. I would also like to thank my host 
professor M. Tanaka, Mrs M. Suzuki, Mrs A. Uchida and the colleagues from the 
Department of Mathematics for their kind hospitality. 



(i) Po(E) = Po and {p e P: cdp{G^) / 0} = P ; 
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